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The problem of the transport of a quantity heat matter or momentum by
advectiondiusion is considered for arbitrarily large Peclet number in a two
dimensional domain In some neighbourhoods of the boundary of the domain
boundary layers may appear for large Peclet number It is well known that
classical nite dierence methods do not yield approximate solutions with a
guaranteed accuracy if the Peclet number can be arbitrarily large For such
problems numerical methods which use monotone nite dierence operators
on appropriately tted piecewiseuniform meshes have been shown to yield
approximate solutions with a guaranteed accuracy independent of the Peclet
number Numerical examples are presented which verify this property under
various boundary conditions and comparisons are made with approximate
solutions obtained using alternatively tted meshes
  Introduction
We consider methods for solving the advectiondiusion problem
 u aru  f
in a domain in R
 
under various boundary conditions In the case where    	
which is equivalent to large Peclet number	 the problem is said to be advection
dominated Here u may be thought of as a concentration of some quantity

eg	 heat	 a pollutant etc that is driven by a known advective velocity eld
a  
a

 a
 
 where   is the diusivity We presume here that the dierential

operator is approximated by an upwinded nite dierence operator	 as dened
later	 and focus attention on the nature of the computational mesh	 which is
presumed to be rened in the boundary layer regions
The computational meshes	 which are referred to in this paper as  tted
meshes	 were introduced and analysed in  and  There	 it was shown	
for various singular perturbation problems	 that when appropriate stable nite
dierence operators are used in conjunction with these meshes	 numerical so
lutions of guaranteed accuracy 
for all values of the diusion coecient   are
obtained The numerical methods are then said to be  uniform The attrac
tion of these meshes	 apart from their reliability	 is their extreme simplicity
they are piecewiseuniform meshes	 which are condensed in the layer regions	
and rely on the identication of a transition point 
N
	 which is the interface
between the coarser and ner uniform meshes 
Here N is the order of the
mesh
The precise denition of 
N
varies with the nature of the layer for example	
in the case of a regular exponential layer	 
N
 minfK  lnNg	 where K
is a constant and	 in the case of a parabolic layer	 
N
 minf
p
  lnNg
It is not surprising that  depends on   however	 it is the dependence on N
that is the key to the success of the mesh The eect of this N dependence is
that the mesh becomes uniform when N is suciently large The guaranteed
accuracy predicted theoretically in  has been veried computationally in	
inter alia	 	 	
There are certainly other families of computational meshes which will also
produce  uniform methods	 such as those introduced by Bakhvalov  how
ever	 these meshes are much more complicated in structure than those of
Shishkin It is thus perhaps not surprising that other piecewiseuniform meshes
have also been suggested For a layer of order  

it is relatively easy to see that
a transition point dependent on  

alone will not suce  however	 recently	
various authors 	 	  have proposed piecewiseuniform meshes where the
transition point 

is independent of N but dependent on   ln
 

 One im
mediately evident disadvantage of such a mesh is that	 no matter how large
N is	 the mesh will not become uniform On the other hand	 the choice of a
dependence on   ln
  is based on an awareness of the boundary layer thick
ness for any xed   and relatively small N 	 the dierence between 
N
and 

is small There is no suggestion that these meshes can produce a uniformly in
  convergent solution Nevertheless it is worthwhile to consider whether there
is a signicant dierence between solutions on one mesh and on the other
The main purpose of this paper is to show that there is indeed a signicant
dierence
 A problem with a Neumann boundary condition
Numerical results are obtained for the specic model problem
 u
u
x
 
u
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 x
 

 x
 

 y
 
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 
on   
  
  
a
 
In the case of   a Schwarz procedure is also used

with the Dirichlet boundary conditions
u
 y   u
x    
b
and the Neumann boundary conditions
u
x

 y    
u
y

x    
c
The tted mesh for this problem is now dened as

N
 

 
 
 
where 

is a uniform mesh of order N in the xdirection The layer at x   is
weak enough not to require a tted mesh in this direction In the ydirection	

 
 
is dened as follows The interval   is divided into two parts
 
y
 
y
 
The transition point 
y
is dened by

y
 minf   lnNg
The intervals  
y
 
y
  are then divided into N equal parts
The computed solution for     is shown in Figure  with N  
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Figure   Solution of Problem 
 on tted mesh 

with    
We examine the performance of standard upwinding on this mesh That is	
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with analogous denitions of D

y
 D

y
and 	
 
y
 The Neumann boundary condi
tions are discretised in the obvious way
D
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u
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
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j
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
  
The errors are given in Table  and the estimated orders of convergence in
Table  The errors and rates are estimated as described in 
Number of Intervals N
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Table   Errors in approximating u using tted mesh method
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Table  Convergence rates in approximating u using tted mesh method
An alternative mesh for this problem is now dened as

N
A
 

 
A
 
where 

is again a uniform mesh of order N 	 and 
A
 
is dened as follows
The interval   is divided into two parts
 
A
y
 
A
y
 
The transition point 
A
y
is dened by

A
y
 minf   ln
 g
The intervals  
A
y
 
A
y
  are then divided into N equal parts

We now examine the performance of standard upwinding on this mesh If
we again produce a table of estimated orders of convergence for the alternative
mesh we obtain the results in Table 
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Table  Convergence rates in approximating u using alternative mesh method
The rates look very good	 in the sense that the method is clearly convergent
with order  for any xed   but when we examine the errors as given in Table
	 we see that	 although the errors are decreasing for each xed  	 the error
is increasing as     for each xed N  Thus it is impossible to calculate a
uniform convergence rate for this mesh
A crosssection of the solution on each mesh for x   is shown in Figures
 and  for    
 
	 

	 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and 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Figure  Zoomed crosssections of solutions on tted mesh at x  

Number of Intervals N
         	
 
 D 
	D 
 D 
D 
	D  
	D 
 
  

D 
D 
D 
D 
 D  
 D 
 
 

D 
D 
 D 
D 
 D 
	 D 
 
 

	 D 
 	D 
 D 
	D 
 D 
  D 
 
 

D 
D 
D 
	D 
 D 
D
 
 

D 
 D 
 D 
	 D 
D 
D
 
  

D 
	D 
 D 
D 
D 
D
 
 

 D 
	D 
 	D 
D 
	D 
D
 
 

D 
D 
 	D 
	 D 
	D 
 D
 
 

	D 
	D 
D 
D 
D 
 D
 
  

D 
D 
D 
D 
D 
 D
 
   

D 
 D 
D 
 D 
D 
 D
 
  

 	D 
D 
D 
  D 
	D 
 	D
 
  

   D 
D 
	 D 
 D 
D 
	 D
 
  

 D 
D 
	D 
 	D 
D 
D
 
 

 	D 
 D 
D 
 D 
  D 
D
 
  

 D 
D 
	D 
D 
D 
D
 
 

 D 
D 
D 
  D 
D 
D
 
 

D 
	D 
D 
D 
D 
D
 
 

 D 
	D 
 D 
D 
	D 
		D
 
 

D 
D 
 D 
D 
 D 
	 D
 
  

	D 
D 
	D 
D 
D 
	D
 
 

	D 
	D 
D 
D 
D 
	D
 
 

 D 
D 
D 
D 
D 
 D
 
 

D 
 D 
	D 
		D 
	D 
	D
 
 

 D 
 D 
 D 
D 
 D 
D
 
  

D 
 D 
D 
D 
 D 
D
 
 

D 
  D 
D 
	 D 
 D 
D
 
 

D 
 	D 
D 
	D 
  D 
	D
 
 

	D 
 D 
D 
		D 
 D 
	D
 
 

	 D 
 	 D 
  D 
	D 
 D 
 D
 
  

	 D 
 D 
 D 
	D 
 	 D 
D
 
 

	D 
 D 
D 
D 
 D 
D
 
 

	D 
 D 
D 
 D 
 D 
D
 
 	

	D 
 	D 
D 
D 
 D 
 D
Table  Maximum errors in approximating u using alternative mesh method
 Onedimensional model problems
 A Neumann problem
To try to explain what is happening in the example above	 we consider the
following model onedimensional problem
 u



x  au



x   x    
 
 u



  a u


  
where a is a positive constant The exact solution is
u


x  exp
ax  exp
a 
Note that
lim

u


  
and that the boundary layer width is O
  ln
  since
d
k
u

dx
k
 C x 
 k  ln
 
We will examine the numerical performance of standard upwinding
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Figure  Zoomed crosssections of solutions on alternative mesh at x  
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where the ne and coarse mesh widths are
h  N H  
 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A natural choice for the transition parameter is
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If the asymptotically natural choice is taken for the transition parameter 
ie	
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
 then for each xed N
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and thus
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and so the error in the numerical approximation becomes unbounded More
precisely
jU
N

 u


j  O
ln
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N
Note that this logarithmic rate of growth of the error as     may be
observed in any of the columns of Table 	 ie	 for any xed N 
 A Dirichlet problem
Consider now the following problem
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where the coecient a is again a positive constant Note that
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We will examine the numerical performance of standard upwinding
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If the natural transition point is taken then this limit tends to zero Thus	 for
this choice of transition parameter	 and for any xed choice of N 	
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
j D

U
N

  u



j  a
We will observe this behaviour of the error in the next section
 A problem with parabolic boundary layers
It was veried in  that methods using tted meshes yield  uniformly con
vergent solutions of singularperturbation problems which contain both regu
lar and parabolic layers Here we are concerned with the approximation of
the normalised derivatives  u
x
and
p
 u
y
 Note the normalising is required

as the derivatives themselves become unbounded as     however	 from
the known bounds on the rst order derivatives we know that the normalised
derivatives remain bounded as    	 and we approximate them by  D

x
U
N

and
p
 D

y
U
N


We consider the sample convectiondiusion problem
 u

 
  x
 
 y
 

u

x
  
x y    
  
  
a
with Dirichlet boundary conditions
u
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  x
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 x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

 y  y


 y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b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u


x   u


 y   
c
Both regular and parabolic layers are present in its solution
Now we dene the tted mesh for this problem

N
 
 

 
 
 
where 
 

is dened as follows The interval   is divided into two parts
 
x
 
x
 
As before	 the transition point 
x
is dened by

x
 minf   lnNg
The intervals  
x
 
x
  are divided into N equal parts
The mesh 
 
is also a tted mesh constructed as follows The interval  
is divided into three parts
 
y
 
y
  
y
  
y
 
where 
y
 
  depends on   and N and is given by

y
 min
p
  lnN 
The intervals  
y
 
y
  are divided into N equal parts and the interval

y
  
y
 is divided into N equal parts
Let us rst look at the performance of standard upwinding on this mesh
That is	
L
N
u
U

  	
 
x
U

  	
 
y
U

 
  x
 
 y
 
D

x
U

  on 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Figure  shows the numerical solution of 
 on a tted mesh with    

and N  
The following tables give the maximum pointwise errors and the convergence
rates for the numerical approximations of the normalised derivatives on the
tted meshes They show that the errors stabilise as     and indicate
uniform in   convergence of the method
As an alternative mesh for this problem	 we consider the following	 proposed
in 

N
 
A

 
A
 
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Table  Maximum pointwise errors in approximating  u
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Table  Orders of convergence in approximating  u
x
using tted mesh
method
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Table 	 Maximum pointwise errors in approximating
p
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using 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method
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Figure  Solution of Problem 
 on tted mesh 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 Orders of convergence in approximating
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where 
A

is dened as follows The interval   is divided into two parts
 
A
x
 
A
x
 
and the transition point 
A
x
is dened by

A
x
 minf   ln  g
The intervals  
A
x
 
A
x
  are divided into N equal parts
The mesh 
A
 
is constructed as follows The interval   is divided into
three parts
 
A
y
 
A
y
  
A
y
  
A
y
 
where 
A
y
 
  depends on   and is given by

A
y
 min
p
  ln  
The intervals  
A
y
 
A
y
  are divided intoN equal parts and the interval

A
y
  
A
y
 is divided into N equal parts
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Table  Maximum pointwise errors in approximating  u
x
using alternative
mesh method
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 Maximum pointwise errors in approximating
p
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We consider the performance of standard upwinding on this mesh
L
N
u
U

  	
 
U

D

x
U

  on 
N
The nal two tables give the errors in the numerical approximations of the
normalised derivatives using the alternative mesh As predicted by the analysis
of the one dimensional model problem	 the errors tend to  as   
 Summary
We have demonstrated in this paper	 that a numerical method which uses
upwind nite dierence operators on a tted mesh where the transition points
depend on both   and N is  uniform as predicted in the theory of Shishkin

We also illustrated some deciencies of a mesh which has transition points
dependent on   ln  
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